We review some aspects of the homology of a local system on the complement of a hyperplane arrangement. We describe a relationship between linear representations of the braid groups due to R. Lawrence, D. Krammer and S. Bigelow and the holonomy representations of the KZ connection. We explain a method to describe such representations by the iterated integrals of logarithmic 1-forms. §1. Introduction Let A be an arrangement of hyperplanes in the complex vector space C n . We denote by M (A) the complement of the union of hyperplanes in A. The purpose of this article is to review developments concerning the homology of a local system on the complement M (A) and its applications.
§1. Introduction
Let A be an arrangement of hyperplanes in the complex vector space C n . We denote by M (A) the complement of the union of hyperplanes in A. The purpose of this article is to review developments concerning the homology of a local system on the complement M (A) and its applications.
In the case of a complexification of a real arrangement M. Salvetti [17] constructed a complex which is homotopy equivalent to the complement M (A). First, we briefly review the Salvetti complex and explain how this construction is used to compute the homology of locally finite chains of M (A) with local system coefficients. If a local system L is generic, then we have a vanishing of homology H k (M (A), L) ∼ = 0 unless k = n. We describe such vanishing theorem and a relation to the homology of locally finite chains.
As a typical example we deal with the case of a discriminantal arrangement. This arrangement has an important application to the flat connection due to V. G. Knizhnik and A. B. Zamolodchikov [10] , which we shall call the KZ connection. It was shown by V. Schechtman and A. Varchenko [18] that the horizontal sections of the KZ connection are expressed by means of hypergeometric integrals over the complement of a discriminantal arrangement. Based on this result we describe a relationship between linear representations of braid groups developed by R. Lawrence, D. Krammer and S. Bigelow and the holonomy representations of the KZ connection. We also investigate a description of the space of conformal blocks in conformal field theory on the Riemann sphere in terms of homology of a local system over the complement of a discriminantal arrangement.
One of the ways to express the holonomy representation of the KZ connection is to use the iterated integrals of logarithmic 1-forms. In the case of the braid arrangement such iterated integral is a prototype of the Kontsevich integral for knots developed in [14] . We review basic facts about such iterated integrals of logarithmic 1-forms in a general situation of the complement of a hyperplane arrangement. We give a criterion so that iterated integrals of logarithmic 1-forms depend only on the homotopy class of loops.
The paper is organized in the following way. In Section 1 we recall basic facts about the homology of a local system on the complement of a hyperplane arrangement. In Section 2 we deal with discriminantal arrangements and describe a relation to the KZ connection. Section 3 is devoted to the iterated integrals of logarithmic 1-forms and holonomy representations of fundamental groups. §2. Homology of local systems Let A = {H 1 , · · · , H } be an arrangement of affine hyperplanes in the complex vector space C n . We consider the complement
Let us assume that the hyperplanes H 1 , · · · , H are defined over R. In this case H ∈ A is regarded as a complexification of the real hyperplane H R in V R = R n . The complement V R \ H∈A H R consists of finitely many connected components called chambers.
The above real hyperplane arrangement {H R } H∈A determines a natural stratification S of R n , whose stratum is called a facet. For facets E and F we shall say that E > F if and only if E ⊃ F holds. For an increasing sequence of facets F j0 < · · · < F jp we take a point v j k in each facet F j k , 0 ≤ k ≤ p, and consider the simplex spanned by the vertices
For a facet F the dual cell is defined by
where the union is for all the increasing sequences of facets
n be the projection corresponding to the real part. A facet decomposition of the complexified complement M (A) is given by
The associated dual complex is called the Salvetti complex S(A), which is an n dimensional CW complex. It was shown by M. Salvetti [17] that the inclusion
is a homotopy equivalence. Let L be a complex rank one local system over M (A) associated with a representation of the fundamental group
We shall investigate the homology of M (A) with coefficients in the local system L. For our purpose the homology of locally finite chains H lf * (M (A), L) also plays an important role. It was shown by Z. Chen [6] that the complex associated with the facet decomposition F π −1 (F ) of M (A) can be used to compute the homology of locally finite chains H lf * (M (A), L).
We briefly summarize basic properties of the above homology groups. For a complex arrangement A choose a smooth compactification i : M (A) −→ X with normal crossing divisors. We shall say that the local system L is generic if and only if there is an isomorphism
where i * is the direct image and i ! is the extension by 0. This means that the monodromy of L along any divisor at infinity is not equal to 1. The following theorem was shown in [12] . Theorem 2.1. If the local system L is generic in the above sense, then there is an isomorphism
Proof. In general we have isomorphisms
where H c denotes cohomology with compact supports. There are Poincaré duality isomorphisms:
By the hypothesis i * L ∼ = i ! L we obtain an isomorphism
. It follows from the above Poincaré duality isomorpshims and the fact that M (A) has a homotopy type of a CW complex of dimension n we have
Therefore we obtain H k (M (A), L) = 0 for any k = n.
Q.E.D.
In the case of a complexified real arrangement, the C-vector space H lf n (M (A), L) is spanned by bounded chambers. §3. KZ connections and hypergeometric integrals Let g be a complex semi-simple Lie algebra and {I µ } be an orthonormal basis of g with respect to the Cartan-Killing form. We set Ω = µ I µ ⊗ I µ . Let r i : g → End(V i ), 1 ≤ i ≤ n, be representations of the Lie algebra g. We denote by Ω ij the action of Ω on the i-th and j-th components of the tensor product V 1 ⊗ · · · ⊗ V n . By using the fact that the Casimir element c = µ I µ · I µ lies in the center of the universal enveloping algebra U g, it can be shown that the relations:
hold. We define the Knizhnik-Zamolodchikov (KZ) connection as the
with values in End(V 1 ⊗ · · · ⊗ V n ) for a non-zero complex parameter κ.
It follows from the above quadratic relations among Ω ij together with Arnold's relation
that ω ∧ ω = 0 holds. This implies that ω defines a flat connection for a trivial vector bundle over the configuration space
The fundamental group of the configuration space X n is the pure braid group on n strings denoted by P n . As the holonomy of the connection ω we have a one-parameter family of linear representations of the pure braid group
The symmetric group S n acts on X n by permutations of coordinates. We denote the quotient space X n /S n by Y n . The fundamental group of Y n is the braid group on n strings denoted by B n . In the case V 1 = · · · = V n = V , the symmetric group S n acts diagonally on the trivial vector bundle over X n with fiber V ⊗n and the connection ω is invariant by this action. Thus we have a one-parameter family of linear representations of the braid group
Following V. Schechtman and A. Varchenko [18] , we shall express the horizontal sections of the KZ connection ω in terms of hypergeometric integrals. Let π : X m+n −→ X n be the projection map defined by
We denote by X n,m a fiber of π, which is the complement of a discriminantal arrangement.
In this article we deal with the case g = sl 2 (C). As a complex vector space the Lie algebra sl 2 (C) has a basis H, E and F satisfying the relations:
For a complex number λ we denote by M λ the Verma module of sl 2 (C) with highest weight λ. Namely, there is a non-zero vector v ∈ M λ called the highest weight vector satisfying Hv = λv, Ev = 0 and M λ is spanned by F j v, j ≥ 0.
We shall consider the tensor product M λ1 ⊗ · · · ⊗ M λn of the Verma modules of sl 2 (C). We set λ = λ 1 + · · · + λ n . For a non-negative integer m we define the space of weight vectors with weight λ − 2m by
and consider the space of coinvariants defined by
The KZ connection ω commutes with the diagonal action of g on V λ1 ⊗ · · · ⊗ V λn , hence it acts on the space of coinvariants
For parameters κ and λ we consider the multi-valued function
1≤i≤m,1≤ ≤n
defined over X n+m . Let L denote the local system associated to the multi-valued function Φ. The symmetric group S m acts on X n,m by permutations of the coordinates (t 1 , · · · , t m ). The function Φ is invariant by the action of S m . We put Y n,m = X n,m /S m . The local system L over X n,m defines a local system on Y n,m , which we denote by the same letter L. The dual local system is denoted by L * . Let us choose the parameters κ and λ 1 , · · · , λ m so that the associated local system L is generic in the sense of the previous section. Under this condition it follows from the vanishing theorem in the previous section that we have
and there is an isomorphism
There is a pairing between the homology of the local system L * and the cohomology of the twisted de Rham complex
Φω.
Such integrals are called hypergeometric integrals. We refer the reader to [16] for a detailed treatment of hypergeometric integrals in the more general situation of hyperplane arrangements. We define a map
For an n-tuple of non-negative integers J = (j 1 , · · · , j n ) we set
The weight space W [λ−2m] has a basis F J v for each J with j 1 +· · ·+j n = m. For the sequence of integers (
We define the rational function R J (z, t) by
It turns out that ρ induces a map to the cohomology of the twisted de Rham complex
By this construction we obtain a map
A lot of works have been done on the expression of the solutions of the KZ equation by means of hypergeometric type integrals (see [7] and [18] ). According to the formulation due to V. Schechtman and A. Varchenko Theorem 3.1. Let us suppose that the local system L is generic. Then the map φ gives an isomophism
Moreover, the above isomorphism is equivariant with respect to the action of the pure braid group P n .
As a consequence we obtain that the following two representations of the pure braid groups are equivalent:
(1) Action of P n on the twisted homology In the case m = 1, the above representation of the pure braid group P n is equivalent to the Gassner representation (see [3] ). Let us consider the case λ 1 = · · · = λ n and m = 2. We have a two-parameter family of linear representations of the braid group B n . Here the parameters correspond to λ and κ. The representations of the braid group B n on H 2 (Y n,2 , L * ) is exactly the one investigated by R. Lawrence, D. Krammer and S. Bigelow, which we shall call the LKB representation. The following theorem relates the LKB representation and the holonomy representation of the KZ connection. Theorem 3.2. In the case λ 1 = · · · = λ n and m = 2, the LKB representation
is equivalent to the action of B n obtained as the holonomy of the KZ connection
We take distinct n + 1 points p 1 , · · · , p n+1 ∈ CP 1 with p n+1 = ∞ and we associate to these points the highest weights λ 1 , · · · , λ n , λ n+1 . Then the space of coinvariants
Let us briefly discuss a relation between the space of conformal blocks in conformal field theory on the Riemann sphere and the space of coinvariants N [λ − 2m].
First, we recall the definition of the space of conformal blocks. We refer the reader to [13] for an introductory treatment of this subject. We put κ = K + 2 and assume that K is a positive integer. We suppose that the highest weights λ 1 , · · · , λ n+1 associated with the points p 1 , · · · , p n+1 ∈ CP 1 with p n+1 = ∞ are non-negative integers and satisfy 0 ≤ λ 1 , · · · , λ n+1 ≤ K. We denote by V λ1 , · · · , V λn+1 the irreducible representations of g = sl 2 (C) with highest weights λ 1 , · · · , λ n+1 .
Let g = g⊗C((ξ))⊕Cc be the affine Lie algebra, which is the central extension of the loop algebra g ⊗ C((ξ)). Here C((ξ)) denotes the ring of Laurent series. Let H λj be the integrable highest weight module of g with highest weight λ j .
We denote by M p the set of meromorphic functions on CP 1 with poles at most at p 1 , · · · , p n+1 . Then g ⊗ M p has a structure of a Lie algebra and acts diagonally on the tensor product H λ1 ⊗· · ·⊗H λn ⊗H * λn+1
by means of the Laurent expansions of a meromorphic function at the points p 1 , · · · , p n+1 ∈ CP 1 . The space of conformal blocks is defined as the space of coinvariants
It turns out that there is a surjective map
and the kernel is described by some algebraic equations coming from the definition of the space of conformal blocks. It was shown by B. Feigin, V. Schechtman and A. Varchenko [8] that these algebraic equations correspond to exact forms in the twisted de Rham cohomology Ω * (Y n,m ) by the map ρ :
Therefore we obtain a map
It was shown by A. Varchenko [20] that the above map φ is surjective.
It is a basic result in conformal field theory that the spaces of conformal blocks form a vector bundle over the configuration space X n equipped with a flat KZ connection. Therefore, the pure braid group P n acts on the space of conformal blocks H(p, λ)
* by means of the holonomy of this connection. The map φ is equivariant with respect to the action of the pure braid group P n . The map φ :
* is not in general injective. Our local system L is no longer generic and there is a subtle point about the structure of the homology H m (Y n,m , L * ). Let us consider the natural map
We describe the relation between the space of conformal blocks and the space of regularizable cycles in the case n = 2. This corresponds to the case of 3 points on the Riemann sphere. We fix K a positive integer and suppose that the highest weights λ 1 , λ 2 , λ 3 are non-negative integers satisfying 0 ≤ λ 1 , λ 2 , λ 3 ≤ K.
It follows from a result due to R. Silvotti [19] 
that φ induces an isomorphism
The above homology group H lf m (Y 2,m , L * ) reg is isomorphic to C if the quantum Clebsch-Gordan condition
is satisfied and is isomorphic to 0 otherwise. §4. Iterated integrals of logarithmic forms
In this section we give a description of the holonomy representation of the fundamental group of the complement M (A) of a hyperplane arrangement. We refer the reader to [13] for a more detailed account of this subject.
First, we briefly recall basic definitions for iterated integrals. Let M be a smooth manifold and ω 1 , · · · , ω k be differential forms on M . We fix a base point x 0 ∈ M and we denote by ΩM the loop space of M based at x 0 . Namely, ΩM is the space of piecewise smooth maps γ : I → M such that γ(0) = γ(1) = x 0 . Let ∆ k denote the Euclidean simplex defined by
There is an evaluation map
M be the projection on the i-th factor and put
We define the iterated integral ω 1 · · · ω k by the expression
which is the integration along the fiber with respect to the projection
The iterated integral ω 1 · · · ω k is considered to be a differential form on the loop space ΩM with degree p 1 + · · · + p k − k, where p j is the degree of the differential form ω j .
As a differential form on the loop space d ω 1 · · · ω k is expressed as
} be a hyperplane arrangement in C n and we consider the complement
Let f j be a linear form defining H j and we set
We denote by A = q≥0 A q the Orlik-Solomon algebra of the hyperplane arrangement A, which is isomorphic to the algebra over C generated by 1 and the logarithmic forms ω j , 1 ≤ j ≤ . It is known from work of E. Brieskorn [4] that there is an isomorphism
For more details about the Orlik-Solomon algebra we refer the reader to Orlik-Terao [15] . We define the reduced complex A by shifting the degrees by one as
The reduced bar complex B * (A) is the tensor algebra
A generated by A. Then B * (A) has a natural structure of a graded algebra and we introduce the coboundary operator by
where ϕ j ∈ A qj and we wet ν j = q 1 + · · · + q j . We define the iterated integral map I from the reduced bar complex to the space of differential forms on the loop space by
We define the filtration on the reduced bar complex by
Let J be the augmentation ideal of the group algebra of the fundamental group of M = M (A). There is a pairing map
given by iterated integrals of logarithmic 1-forms. There is an induced filtration F −k on H 0 (B * (A)). By the basic theorem on de Rham fundamental groupd due to K. T. Chen [5] and the fact that the inclusion map from the Orlik-Solomon algebra to the de Rham complex of M induces an isomorphism on cohomology we obtain the following theorem.
Theorem 4.1.
[13] For the reduced bar complex of the Orlik-Solomon algebra the iterated integral map gives an isomorphism
Let L(X 1 , · · · , X ) be the free Lie algebra whose generators are in one to one correspondence with the hyperplanes in A. We define the holonomy Lie algebra by
where a is the ideal generate by
We put
Then we have the universal holonomy map
This induces an isomorphism
By taking the primitive part, we have an isomorphism between the nilpotent completion of the fundamental group and the completed holonomy Lie algebra over C.
be the lower central series defined by
Then there is an isomorphism of graded Lie algebras
Because of the integrability of the connection
we have the following linear representations of the fundamental group.
Proposition 4.1. For any representation of the holonomy Lie algebra r : h(M ) → End(V ) there is a linear representation of the fundamental group
obtained by substituting the representation r to the universal holonomy homomorphism.
We denote by C ∞ ( M ) the space of smooth functions on the universal covering of M . We have a map
by the iterated integral for paths wth fixed starting point and we denote its image by F k (M ). There is an increasing filtration of functions
called hyperlogarithms and we have
We set H + (M ) = p>0 H p (M ; C) and equip the tensor algebra T H + (M ) with a structure of a graded algebra such that each non-zero element of H p (M ; C) has degree p − 1. Let {ϕ j } be a basis of the OrlikSolomon algebra and {Z j } be its dual basis. We introduce a differential δ : T H + (M ) p −→ T H + (M ) p−1 as the dual of the cup product homomorphism. More explicitly, we define the differential δ by
when we have the eqality
holds in the Orlik-Solomon algebra. The reduced bar complex B * (A) is considered to be the dual complex of T H + (M ) with the differential δ.
Theorem 4.2.
[13] Let A = {H 1 , · · · , H } be a hyperplane arrangement. Then linear combinations of iterated integrals of the logarithmic forms ω j , 1 ≤ j ≤ , on the complement of the hyperplane arrangement
depends only on the homotopy class of a loop γ if and only if the correspondence X j1 · · · X j k → a j1···j k defines a linear map U h(M ) ⊗ C −→ C Proof. We consider the above iterated integral as a function on the loop space ΩM . It will be enough to show that the condition Finally, we describe a correspondence between unipotent representations of the fundamental group of the complement of a hyperplane arrangement and nilpotent connections. The following fact was first obtained by K. Aomoto [1] (see also the work due to R. Hain [9] ). On the other hand the universal holonomy homomorphism of the connection j=1 ω j X j induces an isomorphism
where J denotes the completed augmentation ideal. We define a homomorphism α : C X 1 , · · · , X /(a + J k+1 ) −→ End(V )
by α = ρ • θ −1 and put A j = α(X j ), 1 ≤ j ≤ . Here A k+1 j = 0 holds and A j is a nilpotent endomorphism. Since ρ = α • θ the representation ρ is obtained from the universal holonomy homomorphism by the substitution X j = A j .
